We define the pion-photon Transition Distribution Amplitudes (TDA) in a field theoretic formalism from a covariant Bethe-Salpeter approach for the determination of the bound state. We apply our formalism to the Nambu -Jona Lasinio model, as a realistic theory of the pion. The obtained vector and axial TDAs satisfy all features required by general considerations. In particular, sum rules and polynomiality condition are explicitly verified. We have numerically proved that the odd coefficients in the polynomiality expansion of the vector TDA vanish in the chiral limit. The role of PCAC and the presence of a pion pole are explicitly shown.
I. INTRODUCTION
Hard reactions provide important information for unveiling the structure of hadrons. The large virtuality, Q 2 , involved in the processes allows the factorization of the hard (perturbative) and soft (non-perturbative) contributions in their amplitudes. Therefore these reactions are receiving great attention by the hadronic physics community. In the past, only total cross sections of inclusive processes or longitudinal asymmetries, that have simple parton model interpretations, were studied. The basic theoretical ingredients to be understood are diagonal Parton Distribution Functions (PDF) [1] , governing the deep inclusive processes. In the recent years a new variety of processes, like the Deeply Virtual Compton Scattering, has been considered. These processes are governed by the Generalized Parton Distributions (GPD) [2, 3, 4, 5] . From a theoretical point of view, PDFs are related to diagonal matrix elements of a bilocal operator from the initial hadron state to the same final hadron state (the same particle with the same momentum). The GPDs are related to the matrix elements of the same bilocal operator as in the previous case, where the initial and final hadron are the same particle, but have different momentum. The GPDs describe non-forward matrix elements of light-cone operators and therefore measure the response of the internal structure of the hadrons to the probes.
The generalization of parton distributions to the case where the initial and final states correspond to different particles has recently been proposed in [6, 7] . Such distributions are called Transition Distribution Amplitudes (TDA) since they have been introduced through hadron-photon transitions. In particular, the easiest case is to consider pion-photon TDA, governing processes like π + π − → γ * γ or γ * π + → γπ + in the kinematical regime where the virtual photon is highly virtual but with small momentum transfer.
The aim of this work is to calculate the pion-photon TDAs in a field theoretic scheme treating the pion as a bound state in a fully covariant manner using the Bethe-Salpeter equation. In this way we preserve all invariances of the problem. In order to perform a numerical study we will use the Nambu -Jona Lasinio (NJL) model to describe the pion structure. The NJL model is the most realistic model for the pion based on a local quantum field theory built with quarks. It respects the realizations of chiral symmetry and gives a good description of the low energy physics of the pion [8] .
The NJL model is a non-renormalizable field theory and therefore a cut-off procedure has to be defined. We have chosen the Pauli-Villars regularization procedure because it respects all the symmetries of the problem. The NJL model together with its regularization procedure is regarded as an effective theory of QCD. Moreover, it has been used to tune coefficients of Chiral Perturbation Theory [9] .
The NJL model has been used to describe the soft (non perturbative) part of the deep processes, while for the hard part conventional perturbative QCD must be used. It has been applied to the study of pion PDF [10, 11, 12] and to the pion GPD [13] . In the chiral limit, its quark valence distribution is as simple as q(x) = θ (x) θ(1 − x). Once evolution is taken into account, a good agreement is reached between the calculated PDF and the experimental one [10]. A more elaborated study of pion PDF is done in Ref. [14] using non local lagrangians [15] , which confirms that the result obtained in the NJL model for the PDF is a good approximation.
As GPDs, TDAs must satisfy sum rules. The vector and axial TDA are connected to the vector and axial form factors, F V and F A , appearing in the π + → γe + ν process. In order to have a proper understanding of the axial TDA we will make the difference between two contributions to the axial current coming from the analysis of the amplitude for the pion radiative decay. The first one is originated from the internal structure of the hadron, in our case a pion. This contribution is the proper axial TDA. A second contribution is present and it can be understood as a manifestation of PCAC. The axial current can be coupled to a pion. This pion is a virtual one and its contribution will be present independently of the external hadron.
The polynomiality condition is also satisfied. We observe that, in the polynomial expansion of the moments of the vector TDA, the odd powers of ξ are chirally suppressed and that they vanish in the chiral limit.
Previous studies of the axial and vector pion-photon TDA have been done using different quark models [16, 17] . Both works parametrize the TDAs by means of Double Distributions.
This paper is organized as follows. In section II we establish the connection between the TDA and the vector and axial pion form factors, F V and F A . In section III we define our approach for the TDA and we calculate them in the NJL model. In section IV we study the sum rules and the polynomiality condition of the TDAs. In section V we discuss our results and we finally give our conclusions in section VI.
II. THE PION-PHOTON TRANSITION DISTRIBUTION AMPLITUDES
The pion-photon TDAs are connected, through sum rules, to the vector and axial-vector pion form factors, F V and F A . Before giving a proper definition of the TDAs let us recall the definition of these form factors. They appear in the vector and axial vector hadronic currents contributing to the decay amplitude of the process π + → γe + ν. The precise definitions of these currents are [18, 19] :
with f π = 93 MeV, ε 0123 = 1 and τ − = (τ 1 − i τ 2 ) /2. All the structure of the decaying pion is included in the form factors F V and F A . We observe that the vector current only contains a Lorentz structure associated with the F V form factor. The axial current is composed of two terms. The first one, defining F A , gives the structure of the pion. The second one corresponds to the axial current for a point-like pion. It has two different contributions. The first one corresponds to a point-like coupling between the incoming pion, the outcoming photon and a virtual pion which is coupled to the axial current. It is depicted in the diagram of Fig. 1 and can be seen as a result of PCAC, because the axial current must be coupled to the pion. It isolates the pion pole contribution of the axial current in a model independent way. The second contribution of this term, proportional to f π g µν , corresponds to a pion-photon-axial current contact term. With these definitions, all the structure of the pion remains in the form factor F A .
Let us go now to TDAs. For their definition we introduce the light-cone coordinates v ± = v 0 ± v 3 / √ 2 and the transverse components v ⊥ = v 1 , v 2 for any four-vector v µ . We define P = (p + p ′ ) /2 and the momentum transfer, ∆ = p ′ − p, therefore P 2 = m 2 π /2 − t/4 and t = ∆ 2 . The skewness variable describes the loss of plus momentum of the incident pion, i.e. ξ = (p − p ′ ) + /2P + , and its value ranges between t/ 2m 2 π − t < ξ < 1. Actually there is no symmetry relating the distributions for negative and positive ξ which could have constrained the values of the skewness variable to be positive, like for GPDs. The vector and axial TDAs are the Fourier transform of the matrix element of the bilocal currents,q (−z/2) γ µ [γ 5 ] q (z/2), separated by a light-like distance. Then, they are directly related to the currents defined in Eqs. (1-2) through the sum rules:
With this connection we can introduce the leading twist decomposition of the bilocal currents. For that we introduce the light-front vectorsp µ = P + (1, 0, 0, 1) / √ 2 and n µ = (1, 0, 0, −1) / √ 2P + . The explicit expressions for the pion and photon momenta in terms of their light-cone components are given by Eqs. (A1) and (A2). Then we have
where ǫ (ξ) is equal to 1 for ξ > 0, and equal to −1 for ξ < 0. Here V (x, ξ, t) and A (x, ξ, t) are respectively the vector and axial TDAs. They are defined as dimensionless quantities. From the condition (3) we observe that they obey the following sum rules:
which were firstly introduced in Refs. [6, 7] . In the second term of Eq. (5), we have introduced the Pion Distribution Amplitude (PDA) φ (x) . By definition the PDA is
The PDA vanishes outside the region x ∈ [0, 1] and satisfies the normalization condition
This second term has been introduced in order to isolate the pion pole contribution of the axial current in a model independent way, as we have done in Eq. (2) for the π + → γe + ν process. Therefore, all the structure of the pion remains in the TDA A (x, ξ, t). It can be seen as a result of PCAC, because the axial current must be coupled to the pion. Therefore, this term is not a peculiarity of the pion-photon TDAs. A similar pion term will be present in the Lorentz decomposition in terms of distribution amplitudes of the axial current for any pair of external particles. A pion exchange contribution has already been analyzed in [20, 21] for the axial helicity-flip GPD and, in [16] , a similar structure for the axial current has been obtained using different arguments 1 . This term we have represented in Fig. 2 is only non-vanishing in the ERBL region, i.e. the x ∈ [−ξ, ξ] region. The kinematics of this region allow the emission or absorption of a pion from the initial state, which is described through the PDA. And it can be seen from Fig. 2 that positive values of ξ corresponds to an outcoming virtual pion, whereas negative values of ξ describe an incoming virtual pion. The latter is related to the matrix element π (p)|q/ nγ 5 τ − q |0 , instead of the one present in Eq. (8), what gives rise to the minus sign included in ǫ (ξ) .
1 In order to make this connection it must be realized that there is a √ 2 between our definition of fπ and the one used in [16] , and that In Ref. [13] we have defined a method of calculation for the pion GPD in a field theoretical scheme, treating the pion as a bound state of quarks and antiquarks in a fully covariant manner using the Bethe-Salpeter equation. We apply here the same method for evaluating the pion-photon TDAs. This method has enormous advantages because it preserves all the physical invariances of the problem. Therefore, any property as sum rules or polynomiality is preserved.
As usual, we consider that the process is dominated by the hand-bag diagram. Each TDA has two related contributions, depending on which quark (u or d) of the pion is scattered off by the deep virtual photon. In Fig. 3 we depicted the diagrams in which the photon scatters off the u-quark. We observe that there are two kinds of contributing diagrams. In the first one thed-antiquark appears as the intermediate state, while in the second the bi-local current couples to a quark-antiquark pair coupled in the pion channel. The latter is present only for the axial current and includes the pion pole contribution.
The details of the method of calculation are given in Ref. [13] . In the present case we obtain, from the first kind of diagram of Fig. 3 , the following contributions
where S (p) is the Feynman propagator of the quark and φ 
where g πqq is the pion-quark coupling constant defined in Eq.( A5).
The vector TDA has contribution only from this first kind of diagrams. We can express V (x, ξ, t) as the sum of the active u-quark and the actived-quark distributions. The first contribution will be proportional to the d's charge, and the second contribution to the u's charge. Therefore, we can write
Isospin relates these two contributions, v
In this integral, we first perform the integration over k − . The pole structure of the integrand fixes two non-vanishing contributions to v π + u→d (x, ξ, t), the first one in the region ξ < x < 1, corresponding to the quark contribution, and the second in the region −ξ < x < ξ, corresponding to a quark-antiquark contribution. Given the relation (12) , the support of the entire vectorial TDA, V π + (x, ξ, t), is therefore x ∈ [−1, 1]. The analytical expression for (14) is given by Eq. (A11). For the π 0 , the contributions of the first type of diagram (Fig. 3) can be related to v
Turning our attention to the axial TDA, we find a new contribution arising from the second diagram of Fig. 3 . This second contribution comes from the re-scattering of apair in the pion channel. Therefore
where i is an isospin index,
and Π ps is the pseudoscalar polarization,
We can now evaluate the axial current in a straightforward way. Nevertheless, in order to extract the axial TDA we must subtract the pion pole contribution. We need for that the pion amplitude which, in the NJL model, is
where c i and m i are defined in the Appendix. Now, after a long but direct calculation, we obtain the expression for A (x, ξ, t) . As the vector TDA, A (x, ξ, t) can be expressed as a sum of the contributions coming from the active u-quark and the actived-quark. The first one will be proportional to the d's charge and the second to the u's charge.
Isospin relates these two contributions, a
, where the minus sign is originated in the change in helicity produced by the γ 5 operator. The expression for a π + u→d (x, ξ, t) depends on the sign of ξ. In the |ξ| < x < 1 region we have
with the abbreviationsz = (1 − x) (ξ + x) / (1 + ξ) 2 . And in the − |ξ| < x < |ξ| region we have
wherex = ξ 2 − x 2 andȳ =z for ξ > 0 andȳ = 0 for ξ < 0. The expressions for both the vector and axial TDAs in the chiral limit, i.e. m π = 0, are well defined. In particular, for t = 0, we find the following simple expression for v
where F π + χ V (0) is the chiral limit of the vector pion form factor at zero momentum transfer F A similar expression is obtained for a π + u→d (x, ξ, t) in the chiral limit for t = 0
with F π + χ A (0) the axial form factor at t = 0 in the chiral limit F
IV. SUM RULES AND POLYNOMIALITY
The vector TDA of the π + must obey the sum rule given in Eq. (6) with the expression of the vector pion form factor in the NJL model given by Eq. (A7). We have numerically recovered the sum rule for different t values. In particular we obtain the value F π + V (0) = 0.0242 for the vector form factor at t = 0, which is in agreement with the experimental value F V (0) = 0.017 ± 0.008 given in [22] .
The π 0 distribution must satisfy the following sum rule [6]
A theoretical prediction of the π 0 form factor value is given in [23] . In particular, at t = 0, the value F πγ * γ (0) = 0.272 GeV −1 is found. The neutral pion form factor is directly related to the π + vector form factor so that the sum rule is satisfied. We obtain the value F πγ * γ (0) = 0.244 GeV −1 . In [24] , a dipole parametrization based on experimental data is proposed for the t-dependence of F πγ * γ (t), obtaining for the dipole mass Λ = 0.77 GeV. We have found that, for small values of t, the NJL neutral pion form factor can be parametrized in a dipole form with Λ = 0.81 GeV.
The axial TDA obeys the sum rules given by Eq. (7) with the axial form factor given in the NJL model by Eq. (A9). This sum rule is satisfied for different t values. The numerical results also coincide. In particular we obtain F π + A (0) = 0.0239 for the axial form factor at t = 0, which is about twice the value F π + A (0) = 0.0115 ± 0.0005 given by the PDG [22] .
We expect TDAs to obey the polynomiality condition. However no time reversal invariance enforces the polynomials to be even in the ∆-momenta like for GPDs. That means that the polynomials should be "complete", i.e. they should include all powers in ξ,
However, in the chiral limit and for t = 0, we have analytically found that the odd powers in ξ go to zero for the polynomial expansion of the vector TDA. A study of the polynomiality in the limit given in Eq. (24) leads to the following analytical expression for the coefficients C χ n,2i (t) Notice they do not depend on i. We have numerically tested the polynomiality and obtained it. We observe that the coefficients for the odd powers in ξ are of one order of magnitude smaller than those for the even powers in ξ. In particular we have numerically proved that, in the chiral limit, the polynomials only contain even powers in ξ for any value of t,
The coefficients in the chiral limit, Eq. (29), as well as the coefficients for m π = 140 MeV, Eq. (27), we numerically obtained are given in Table I . The ξ-dependence of the moments of the axial TDA A(x, ξ, t) also has a polynomial form. Those polynomials contain all the powers in ξ, i.e. even and odd,
An analytic study of the polynomiality in the limit given in Eq. (25) confirms that all the powers in ξ have to be present. The analytic values for the coefficients in this specific limit are
which is in agreement with those numerically obtained. The coefficients of the polynomial expansions in the chiral limit are very close to those obtained for the physical values of the pion mass. In Table II , the coefficients C ′ n,i (t) are therefore shown only for m π = 140 MeV. The polynomiality property of the term containing the pion DA can also be studied. The t-dependence only comes from the pion pole. We can therefore write a general relation about the polynomiality property of the whole axial bilocal matrix element
V. DISCUSSION.
In Figs. 4 and 5, the vector and axial TDAs are plotted in function of x for several values of ξ and t. In these figures, the u-quark contributes to the TDAs in the region of x going from − |ξ| to 1 and the d-antiquark going from −1 to |ξ| . Therefore, for x ∈ [|ξ| , 1] (x ∈ [−1, − |ξ|]) only u-valence quarks (d-valence antiquarks) are present (DGLAP regions). Besides, TDAs in the − |ξ| < x < |ξ| region (ERBL region) receive contributions from both type of quarks. For the vector TDA, we observe in figure 4 that the position of the maxima is given by the ξ value, separating explicitly the ERBL region from the DGLAP regions. The vector TDA is positive (negative) for negative (positive) values of x with the change of sign occurring around x = 0. This change in the sign of the vector TDA is originated in the presence of the electric charge of the quarks in Eq.(12). The process involved in the calculation of the TDAs allows negative values of the skewness variable. In the chiral limit, the skewness variable goes from ξ = −1 to ξ = 1, for any value of t. In the chiral limit, the vector TDA for a negative value of ξ is equal to the vector TDA for |ξ|. This can be seen from the polynomiality expansion in this limit, Eq. (29), which has only even powers of ξ. For the physical value of the pion mass, negative values of ξ are bounded by t/ 2m 2 π − t < ξ. For each allowed value of ξ, we found that the numerical value of V (x, − |ξ| , t) is close to V (x, |ξ| , t) , due to the smallness of the coefficients of the odd powers of ξ in the polynomial expansion (27).
Analyzing the axial TDAs, plotted in Fig. 5 , we observe two different behaviours depending on the sign of ξ. For positive ξ, the position of the minima is given by the value of the skewness variable while the position of the maxima is always x ≃ 0 in the ERBL region and x ≃ ±(1 + ξ)/2 in the DGLAP regions. For negative ξ, the value of the axial TDA at x = ±ξ is important and in some cases is a maximum and, in the ERBL region, A (x, ξ, t) presents a minimum near x = 0. As we have previously shown, the axial TDA in the ERBL region receives contributions from two different diagrams, depicted in Fig. 3 . In the second of these diagrams, a virtual quark-antiquark interacting pair in the pion channel appears. The pion pole, contained in this diagram, has been subtracted but the remaining non-resonant part contributes to the axial TDA. We observe that the latter contribution is the dominant one and produces the maxima around x = 0 for positives ξ (Fig. 6) . Now, the axial TDA does not change the sign when we go from negative to positive values of x. In the axial TDA the change of sign originated in the presence of the electric charge of the quarks in equation (21) is compensated by the change of sign between quark and antiquark contributions generated by the γ 5 operator present in the axial current.
By comparing the plots for different values of the momentum transfer, it is observed that the amplitudes are lower for higher (−t) values, as it can be inferred from the decreasing of the form factors with (−t), connected to the TDAs through the sum rules. By increasing the (−t) value, not only the width and the curvature of the TDAs are changed but we also observe that higher values of ξ are preferred, i.e. the sign of the derivative of the collection of maxima changes passing from a zero momentum transfer to a non-zero one.
Isospin relates the value of the vector and axial TDAs in the DGLAP regions,
being the factor 1/2 the ratio between the charge of the u and d quarks. We observe in Figs. 4 and 5 that our TDAs satisfy these relations. It must be realize that the relation (33) cannot be changed by evolution.
Regarding the chiral limit, we observe that both the vector and axial TDAs do not significantly change going from a non-zero pion mass to the physical mass, except for the change in the lower bound of ξ.
Previous studies of pion-photon TDAs have already been done [16, 17] . In both works, double distributions have been used. Even if our model is different, a comparison of the results is still possible. The aim of the author of the first paper [16] is to provide some estimates of the vector and axial TDAs on the basis of the positivity bounds. The order of magnitude of the obtained amplitudes are similar to ours, but the former are constrained by the F V and F A form factors, through the sum rules. The sum rules are an input imposed in Ref. [16] while it is a result in our calculation. The vector TDA obtained in this paper has some similarities with ours. Nevertheless, it does not satisfy the isospin relation (33) due to the different choice of the u-quark and d-antiquark distributions, the first one related to the pion and the second to the photon, used in the saturation of the positivity bounds. We have also studied the positivity bounds for GPDs and noticed that it is actually an upper bound that is sometimes very higher than the value of the GPD itself. The vector TDA obtained in [16] is rather peaked at x = ±ξ, whereas we have a smoother behaviour.
A detailed comparison with the results of Ref. [17] is not easy, due to the choice of the asymmetric notation. Nevertheless the vector TDA seems to be consistent with our results and some limits, in particular when m π = 0 and t = 0, can be recovered going from one notation to the other.
Regarding our axial TDA, it differs from the two previous calculations [16, 17] due to the effect of the non-resonant part of the second diagram of Fig. 3 . This contribution, corresponding to the last term of Eq. (23) , is proportional to t − m VI. CONCLUSIONS.
In this paper we have defined the pion-photon vector and axial Transition Distribution Amplitudes using the BetheSalpeter amplitude for the pion. In order to make numerical predictions we have used the Nambu-Jona Lasinio model. The Pauli-Villars regularization procedure is applied in order to preserve gauge invariance.
We know from PCAC that the axial current couples to the pion. Therefore, in order to properly define the axial TDA (all the structure of the incoming hadron being included in A (x, ξ, t)), we need to extract the pion pole contribution. In so doing, we found that the axial TDA had two different contributions, the first one related to a direct coupling of the axial current to a quark of the incoming pion and to a quark coupled to the outcoming photon and a second related to the non-resonant part of a quark-antiquark pair coupled with the quantum numbers of the pion.
The use of a fully covariant and gauge invariant approach guaranties that we will recover all fundamental properties of the TDAs. In this way, we have the right support, x ∈ [−1, 1], and the sum rules and the polynomiality expansions are recovered. We want to stress that these three properties are not inputs, but results in our calculation. The value we found for the vector form factor in the NJL model is in agreement with the experimental result [22] whereas the value found for the axial form factor is two times larger than in [22] . This discrepancy is a common feature of quark models [17] . Also the neutral pion vector form factor F πγ * γ (t) is well described. These results allow us to assume that the NJL model gives a reasonable description of the physics of those processes at this energy regime.
Turning our attention to the polynomial expansion of the TDAs, we have seen that, in the chiral limit, only the coefficients of even powers in ξ were non-null for the vector TDA. No constrain is obtained for the axial TDA. Nevertheless, the NJL model provides simple expressions for the coefficients of the polynomial expansions in the chiral limit, Eqs. (28) and (31).
We have obtained quite different shapes for the vector and axial TDAs. This is in part, at least for the DGLAP regions, imposed by the isopin relation (33). We have pointed out the importance of the non-resonant part of theinteracting pair diagram for the axial TDA in the ERBL region.
It is interesting to inquire about the domain of validity of the relations (33). These relations are obtained from the isospin trace calculation involved in the central diagram of Fig. 3 . Due to the simplicity of the isospin wave function of the pion these results are more general than the NJL model and could be considered as a result of the diagrams under consideration. These diagrams are the simplest contribution of handbag type.
The Transition Distribution Amplitudes proposed by the authors of [6] open the possibility of enlarging the present knowledge of hadron structure for they generalize the concept of GPDs for non-diagonal transitions. Calculated here, as a first step, for pion-to-photon transitions, these new observables should lead to interesting estimates of cross section for exclusive meson pair production in γ * γ scattering [7] .
In Section III we use the NJL model. We follow the notation of Ref. [13] and we refer the reader to this paper for more details. The NJL model considers the lagrangian L =q (x) (i/ ∂ − µ 0 ) q (x) + g (qq)
2 + (qiγ 5 τ q)
where µ 0 is the current quark mass. As it is well known, the first consequence of the scalar interacting term is to provide a constituent quark mass, m, different from the current mass. Due to the point-like character of the interaction, this lagrangian is not renormalizable. We shall use the Pauli-Villars regularization in order to render the occurring integrals finite. This means that for integrals like the ones defined in Eq. (14), we make the replacement
with m 
The numerical value of the pion quark coupling constant is g 
In order to calculate the form factors we need the expression for the three-propagator integral. In the particular case where p 2 = m 2 π and p ′2 = 0, the expression for I 3 (p, p ′ ) is
The axial form factor involves the three-propagator integral as well, but also the two-propagator integral given by Eq. A6 
The π 0 → γ * γ form factor can be obtained from the vector form factor through a isospin rotation: F πγ * γ (t) = √ 2F π + V (t) /m π . In the chiral limit and for t = 0 all the considered form factors have the simple expression: 
